Abstract. In this paper, we introduce the notiton of quotient TM-algebra X/I from a TM-algebra X via an ideal I of X, and we obtain some relationships between X/I and I. In addition, we have the fundamental theorem of homomorphism for TM-algebras as a consequence. Some more properties of left and right mappings of TM-algebras are also investigated.
Introduction
Imai and Iséki [8] in 1966 introduced the notion of a BCK-algebra. In the same year, Iséki introduced BCI-algebras [2] as a super class of the class of BCK-algebras. It is known that the class of BCK-algebras is a proper subclass of the class of BCI -algebras. In ( [5] , [6] ) Hu and Li introduced a wide class of abstract algebras: BCH-algebras. They have shown that the class of BCI -algebras is a proper subclass of the class of BCH-algebras. Jun et al. [9] introduced a new notion, called a BH-algebra, that is, (I) x * x = e; (II) x * e = x; (V I) x * y = e and y * x = e imply x = y, which is a generalization of BCH/BCI /BCK-algebras, and they showed that there is a maximal ideal in bounded BH-algebras. Also Neggers et al. [1] introduced Qalgebras, which is a generalization of BCH/BCI/BCKalgebras.
Megalai and Tamilarasi [4] introduced the notion of TM-algebras, which is a generalization of BCH /BCI/BCK/Q-algebras. In [7] , Mostafa et al. introduced the notion of fuzzy TM-ideals in TM-algebras, and investigate related properties. In this paper, we establish construct the quotient MT-algebras via an ideal, and we have the fundamental theorem of homomorphism for TMalgebras as a consequence. Some more properties of left and right mappings of TM-algebras are investigated with special focus on the left map L 0 .
Basic results on TM-algebras
In this section we cite some elementary aspects that will be used in the sequel of this paper:
By a TM-algebra ([4]) we mean a non-empty set X with a constant 0 and a binary operation * satisfying the following axioms: for all x, y, z ∈ X, (a1)
In any TM-algebra X one can define a partial order "≤" by putting x ≤ y if and only if x * y = 0.
In any TM-algebra (X, * , 0), the following holds for all x, y, z
Definition 2.1. [3] . TM-algebra (X, * , 0) is called positive implicative if (x * y) * z = (x * z) * (y * z) for all x, y, z ∈ X. Definition 2.2. [3] . Let (X, * , 0) be a TM-algebra. A nonempty subset I of X is called an ideal of X if it satisfies (c1) 0 ∈ I, (c2) x * y ∈ I and y ∈ I imply x ∈ I for all x, y ∈ I. Any ideal I has the property that y ∈ I and x ≤ y imply x ∈ I. Definition 2.3. [4] . An ideal I of a MT-algebra (X, * , 0) is said to be closed if a ∈ I implies 0 * a ∈ I. Definition 2.4. [3] . An ideal I of a MT-algebra (X, * , 0) is said to be implicative if (x * y) * z ∈ I and y * z ∈ I imply x * z ∈ I for any x, y, z ∈ X. Definition 2.5. [4] . For any TM-algebra (X, * , 0) the set B(X) = {x ∈ X | 0 * x = 0} is called the p-radical of X. If B(X) = {0}, then X is said to be a p-semisimple TM-algebra. Proposition 2.6. [4] . Let (X, * , 0) be a TM-algebra. Then B(X) is an ideal of X. Definition 2.7. [4] . Let (X, * , 0 X ) and (Y, , 0 Y ) be any two TM-algebras.
A homomorphism f is called an epimorphism if it is surjective. A bijective homomorphism is called an isomorphism.
Let f : X → Y be a homomorphism of TM-algebras. Then the set {x ∈ X | f (x) = 0 Y } is called the kernel of f and denote by Ker(f ). Moreover the set {f (x) ∈ Y | x ∈ X} is called the image of f and denote by im(f ).
Quotient TM-algebras
In what follows, let X denote a TM-algebra unless otherwise specified. Proof. Let x ∈ X. It follows from (b1) and (c1) that x * x = 0 ∈ I. Thus x ∼ I x. This means that ∼ I is reflexive. Clearly, ∼ I is symmetric. Let x, y, z ∈ X. If x ∼ I y and y ∼ I z, then x * y, y * x ∈ I and y * z, z * y ∈ I. Using (a2), we obtain (x * z) * (x * y) = y * z and (z * x) * (z * y) = y * x. Since I be an ideal of X, x * z, z * x ∈ I by (c2). Hence x ∼ I z. Therefore, ∼ I is an equivalence relation on X.
Denote the equivalence class containing x by I x = {y ∈ X | y ∼ I x} . Proof. If x ∼ I y and u ∼ I v, then x * y, y * x ∈ I and u * v, v * u ∈ I. By (b4), it follows that (x * u) * (y * u) ≤ x * y and (y * u) * (x * u) ≤ y * x. Since x * y ∈ I and y * x ∈ I, we have (x * u) * (y * u) ∈ I and (y * u) * (x * u) ∈ I. Hence x * u ∼ I y * u. Using (b3) and (b5), we obtain Proof. First we show that " " is well-defined. Let x, y, z, w ∈ X be such that I x = I y and I z = I w , then x ∼ I y and z ∼ I w. Hence x * z ∼ I y * w since ∼ I is a congruence relation. Therefore, I x I z = I x * z = I y * w = I y I w . Hence " " is well-defined on X/I. Now, we show that (X/I, , I 0 ) is a TM-algebra. Let I x , I y , I z ∈ X/I. Since I x I 0 = I x * 0 = I x and (I x I y ) (I x I z ) = I x * y I x * z = I (x * y) * (x * z) = I z * y = (I z I y ), (a1) and (a2) holds. Therefore, (X/I, , I 0 ) is a TM-algebra. 
Proof. J/I
Since J is an ideal, 0 ∈ J and so I 0 ∈ J/I. If I y ∈ J/I and I x I y ∈ J/I, then y ∈ J and x * y ∈ J. Since J is an ideal of X, we get x ∈ J. Hence I x ∈ J/I. 
Proof. (i) See ([4], Theorem 2.27).
(ii) Assume that f is a surjective and I is an ideal of X. Obviously, 0 Y ∈ f (I). Let x, y ∈ Y be such that x y ∈ f (I) and y ∈ f (I). Since f is a surjective, there exist a ∈ I and b ∈ X such that f (a) = y and f (b) = x. Hence f (b * a) = f (b) f (a) = x y ∈ f (I), which imply that b * a ∈ I. Since I is an ideal of X, we get b ∈ I, and thus A TM-algebra without proper ideals is called a simple TM-algebra.
Theorem 3.11. Let I be a closed proper ideal of X. Then X/I is simple if and only if I is a maximal ideal of X.
Proof. Assume that X/I is simple. If I is not maximal ideal of X, then there exists a proper ideal C such that I ⊂ C ⊂ X. It follows from Theorem 3.8 that C/I is an ideal of X/I. If x ∈ C − I, then x ∈ I x ∈ C/I. Obviously I = I 0 ∈ C/I. Thus C/I is properly contained in X/I and has at least two elements. Thus C/I is a proper ideal of X/I, so X/I is not simple, a contradiction. Conversely, if I is a maximal ideal of X and X/I is not simple, then there exists a proper ideal D of X/I. Let f : X → X/I be the canonical homomorphism from X onto X/I. It follows from Theorem 3.
In what follows, let B denote the p-radical of X.
Theorem 3.12. If X = B is not a p-semisimple TM-algebra, then X/B is p-semisimple.
Proof. By Proposition 2.6, B is an ideal of X. We shall show that the p-radical of X/B is trivial. If B 0 B x = B 0 , then B 0 * x = B 0 , and so 0 * x ∼ B 0. It follows that 0 * x = (0 * x) * 0 ∈ B and x = 0 * (0 * x) ∈ B, and thus x = 0. Hence B x = B 0 . This implies that X/B is p-semisimple.
Theorem 3.13. Let I and J be two ideals of X and I ⊆ J. Then J is a closed ideal of X if and only if J/I is a closed ideal of X/I.
Proof. By Theorem 3.8, J/I is an ideal of X/I. Let I y ∈ J/I, for some y ∈ J. It follows from hypothesis that 0 * y ∈ J. So that I 0 I y = I 0 * y ∈ J/I. Consequently, J/I is a closed ideal of X/I. Conversely, suppose J/I is a closed ideal of X/I and let x ∈ X be such that x ∈ J. Then I x ∈ J/I, and so I 0 I x = I 0 * x ∈ J/I. Hence 0 * x ∈ J. Consequently, J is a closed ideal of X.
Theorem 3.14. Let I and J be two ideals of X and I ⊆ J. Then J is an implicative ideal of X if and only if J/I is an implicative ideal of X/I.
Proof. Assume that J is an implicative ideal of X and let x, y, z ∈ X be such that (I x I y ) I z ∈ J/I and I y I z ∈ J/I. Then I (x * y) * z ∈ J/I and I y * z ∈ J/I, and so (x * y) * z ∈ J and y * z ∈ J. Since J is an implicative ideal of X, we have x * z ∈ J and so (I x I z ) = I x * z ∈ J/I. Hence J/I is an implicative ideal of X/I. Conversely, suppose that J/I is an implicative ideal of X/I and let x, y, z ∈ X be such that (x * y) * z ∈ J and y * z ∈ J. Then (I x I y ) I z = I (x * y) * z ∈ J/I and (I y I z ) = I y * z ∈ J/I. Since J/I is an implicative ideal of X/I, we have (I x I z ) ∈ J/I. Hence x * z ∈ J. Therefore, J is an implicative ideal of X.
Let I be an ideal of X. Denote by I (X, I) the set of all ideals on X containing I, and by I (X/I) the set of all ideals of X/I. Proof. Define a mapping f : I (X, I) → I (X/I) by f (J) = J/I. By Theorem 3.8 f is well-defined. Clearly, f is onto. Let A, C ∈ I (X, I) and A = C. Without loss of generality, we may assume that there is an x ∈ C − A. If f (A) = f (C), then I x ∈ f (C) = C/I and I x ∈ f (A) = A/I. Thus, I x = I y for some y ∈ A since I x ∈ A/I. Hence x ∼ I y, that is, x * y ∈ I and y * x ∈ I. Since I ⊆ A, we have x * y ∈ A. Since x * y ∈ A and y ∈ A, x ∈ A by (c2). This is a contradiction. Therefore, f is one to one.
Theorem 3.16. (The fundamental homomorphism theorem). If
This means that g is well-defined. Let K x , K y ∈ X/K with K x = K y . Then x * y / ∈ K or y * x / ∈ K. without loss of generality, assume that x * y / ∈ K. It follows that f (x) f (y) = f (x * y) = 0 Y , and hence f (x) = f (y). This means that g is one to one. Since
Right and left maps in TM-algebras
Definition 4.1. Let X be a TM-algebra. For a fixed a ∈ X, we define a map R a : X → X such that R a (x) = x * a for all x ∈ X, and we call R a a right map on X. The set of all right maps on X is denoted by R(X). A left map is defined by a similar way, and denoted by L(X).
We define a binary operation • on R(X) as follows: for any R a , R b ∈ R(X) and any x ∈ X, (R a • R b )(x) = R a (R b (x)). Proof. Let x, y ∈ X. By (b9), it follows that L 0 (x * y) = L 0 (x) * L 0 (y). Hence L 0 is an endomorphism of X. Now if x ∈ X − {0} and L x is an endomorphism of X, then x = L x (0) = L x (0 * 0) = L x (0) * L x (0) = 0. This is a contradiction, and therefore L 0 is the only endomorphism of X in L(X).
